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Smooth manifolds are fundamental structures in differential geometry and play a crucial role in various

fields of mathematics and physics. They provide a setting where calculus can be extended beyond the

confines of Euclidean space, allowing mathematicians and scientists to study complex shapes and

spaces that are locally similar to Euclidean spaces. Chapter 7 of "Introduction to Smooth Manifolds" by

John M. Lee delves into several essential aspects of smooth manifolds, including differentiable

functions, tangent vectors, and the foundational concepts that underpin the study of these

mathematical objects.

Overview of Smooth Manifolds

Smooth manifolds are topological spaces that locally resemble Euclidean space and have a

differentiable structure. More formally, a smooth manifold \( M \) of dimension \( n \) is a second-

countable Hausdorff space that is covered by a collection of coordinate charts. Each chart provides a

homeomorphism between an open subset of \( M \) and an open subset of \( \mathbb{R}^n \). The

smooth structure enables the definition of smooth functions, which are infinitely differentiable mappings

from one manifold to another.

Key Concepts in Chapter 7

In this chapter, Lee introduces several pivotal concepts that are vital for understanding smooth

manifolds:

1. Differentiable Functions: The chapter discusses how to define differentiable functions between

manifolds. A function \( f: M \rightarrow N \) between two manifolds is said to be smooth if, in local

coordinates, it can be expressed as a smooth function between Euclidean spaces.



2. Tangent Vectors: Tangent vectors are essential in the study of smooth manifolds, representing

directions in which one can move from a point on the manifold. Lee discusses the formal definition of

tangent vectors using equivalence classes of curves and the algebraic structure they form.

3. Tangent Spaces: The tangent space \( T_pM \) at a point \( p \) of a manifold \( M \) is defined as

the vector space of all tangent vectors at that point. This space is crucial for defining derivatives of

functions and studying the local geometry of the manifold.

4. Vector Fields: A vector field on a smooth manifold is a smooth assignment of a tangent vector to

each point in the manifold. This concept is pivotal in understanding dynamics and flows on manifolds.

5. Differential Forms: Lee introduces differential forms, which are used to generalize the notion of

functions and enable integration on manifolds. The chapter discusses exterior derivatives and the

properties of these forms, which are essential for understanding calculus on manifolds.

Differentiable Functions Between Manifolds

A primary focus of Chapter 7 is the concept of differentiable functions. The notion of smoothness is

defined in terms of coordinate charts, and the following points highlight its importance:

- Local Representation: To show that a function is smooth, one must demonstrate that it can be

expressed smoothly in local coordinates. This often involves transitioning between different coordinate

charts.

- Composition of Smooth Functions: If \( f: M \rightarrow N \) and \( g: N \rightarrow P \) are smooth

functions, then the composition \( g \circ f: M \rightarrow P \) is also smooth. This closure property is

fundamental for building complex functions from simpler ones.

- Smooth Mappings and Submanifolds: The chapter also discusses how to define submanifolds using

the concept of smooth mappings. A subset \( S \subset M \) can be a submanifold if it can be locally



represented as the zero set of smooth functions.

Tangent Vectors and Tangent Spaces

Understanding tangent vectors is essential for studying the local behavior of functions on manifolds.

Lee provides an in-depth exploration of the following topics:

Definition of Tangent Vectors

- Curves on Manifolds: A tangent vector at a point \( p \) can be represented as an equivalence class

of curves passing through \( p \). Two curves \( \gamma_1(t) \) and \( \gamma_2(t) \) are equivalent if

they agree at \( t = 0 \) and have the same velocity at that point.

- Tangent Vector as Derivative Operator: A tangent vector can also be viewed as a directional

derivative operator acting on smooth functions. Given a smooth function \( f \), a tangent vector \( v \)

at \( p \) acts as \( v(f) = \frac{d}{dt}f(\gamma(t))\big|_{t=0} \), where \( \gamma(t) \) is a curve with \(

\gamma(0) = p \).

Tangent Space \( T_pM \)

- Vector Space Structure: The tangent space at a point \( p \), denoted \( T_pM \), is defined as the set

of all tangent vectors at \( p \). It possesses a vector space structure, allowing for the addition of

tangent vectors and scalar multiplication.

- Dimension: The dimension of the tangent space \( T_pM \) is equal to the dimension of the manifold

\( M \). This allows us to infer properties about the manifold based on the behavior of tangent vectors.



Vector Fields and Their Importance

Vector fields provide a way to study the behavior of functions and flows on manifolds. Chapter 7

introduces the following key ideas:

- Definition: A vector field on a manifold \( M \) is a smooth function that assigns a tangent vector to

each point in \( M \). This can be thought of as a "field" of directions across the manifold.

- Flow of a Vector Field: The flow generated by a vector field represents the evolution of points on the

manifold over time. Understanding these flows is crucial in dynamical systems and physics.

- Lie Derivative: The Lie derivative provides a way to compare vector fields and study how they

change along the flow of another vector field. This concept is essential for understanding the geometry

of manifolds.

Differential Forms and Integration on Manifolds

Differential forms are integral to the study of calculus on manifolds, and Lee emphasizes their

significance in the following ways:

- Definition of Differential Forms: A differential form is an algebraic object that can be integrated over a

manifold. They can be thought of as generalizations of functions, allowing for the expression of

integrals in higher dimensions.

- Exterior Derivative: The exterior derivative is a key operator that acts on differential forms, allowing

for the definition of the differential of a function. This operator satisfies properties analogous to those of

differentiation.

- Stokes' Theorem: One of the most profound results in calculus on manifolds is Stokes' theorem,



which relates the integral of a differential form over the boundary of a manifold to the integral of its

exterior derivative over the manifold itself.

Conclusion

Chapter 7 of "Introduction to Smooth Manifolds" by John M. Lee is a comprehensive exploration of the

fundamental concepts surrounding smooth manifolds, including differentiable functions, tangent

vectors, vector fields, and differential forms. These concepts are not only crucial for advanced studies

in mathematics but also have significant applications in physics and engineering. Understanding

smooth manifolds lays the groundwork for further exploration into topics such as Riemannian

geometry, symplectic geometry, and algebraic topology, making it a pivotal chapter in the study of

differential geometry. The insights provided by Lee in this chapter continue to influence the way

mathematicians and scientists approach complex geometrical structures.

Frequently Asked Questions

What are the primary concepts covered in Chapter 7 of 'Smooth

Manifolds' by Lee?

Chapter 7 primarily covers the topic of Riemannian metrics and connections on smooth manifolds,

exploring how these structures allow for the measurement of distances and the study of curves.

How does Chapter 7 introduce the concept of geodesics?

Chapter 7 introduces geodesics as curves that provide the shortest path between two points on a

Riemannian manifold, leading to the study of their properties and the equations governing them.



What is the significance of the Levi-Civita connection discussed in

Chapter 7?

The Levi-Civita connection is significant because it is the unique connection on a Riemannian manifold

that is compatible with the metric and torsion-free, playing a crucial role in defining parallel transport

and curvature.

Can you explain the relationship between Riemannian metrics and

volume forms as covered in Chapter 7?

Chapter 7 discusses how Riemannian metrics induce volume forms on manifolds, allowing for the

integration of functions and the formulation of concepts like total volume and curvature.

What exercises in Chapter 7 help in understanding curvature on

manifolds?

Chapter 7 includes exercises that involve computing sectional curvature and understanding its

implications for the geometry of the manifold, such as the influence on the behavior of geodesics.

How does Chapter 7 address the concept of curvature tensors?

Chapter 7 addresses curvature tensors by defining the Riemann curvature tensor and its properties, as

well as exploring how it reflects the intrinsic geometry of the manifold.

What is the role of the exponential map as discussed in Chapter 7?

The exponential map plays a vital role in connecting the tangent space at a point to the manifold,

allowing for the analysis of geodesics and providing a local coordinate framework for studying

Riemannian geometry.
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