
solution to schrodinger equation
solution to schrodinger equation is a fundamental concept in quantum mechanics that describes
how the quantum state of a physical system evolves over time. The Schrödinger equation,
formulated by Erwin Schrödinger in 1925, provides a mathematical framework to predict the
behavior of particles at the atomic and subatomic levels. Understanding the solution to Schrödinger
equation is essential for interpreting wave functions, energy levels, and the probability distributions
of particles. This article delves into the various methods used to solve the Schrödinger equation,
including analytical and numerical approaches, and explores key examples such as the particle in a
box and the hydrogen atom. Furthermore, it addresses the significance of boundary conditions and
the role of potential energy in shaping the solutions. The discussion also covers the time-dependent
and time-independent forms of the equation, offering a comprehensive overview ideal for students,
researchers, and professionals in physics and related fields.
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Understanding the Schrödinger Equation
The Schrödinger equation is a partial differential equation that governs the quantum state of a
system. It is central to non-relativistic quantum mechanics and describes how the wave function,
which encodes the probability amplitude of a particle’s position and momentum, evolves. There are
two primary forms of the equation: the time-dependent Schrödinger equation (TDSE) and the time-
independent Schrödinger equation (TISE). The solution to Schrödinger equation provides the wave
function, denoted as ψ (psi), which is a complex-valued function whose square magnitude represents
the probability density.

Time-Dependent Schrödinger Equation
The time-dependent Schrödinger equation is expressed as:

iħ ∂ψ/∂t = Ĥψ

where i is the imaginary unit, ħ is the reduced Planck’s constant, ∂ψ/∂t denotes the partial derivative
of the wave function with respect to time, and Ĥ is the Hamiltonian operator representing the total
energy of the system. The TDSE describes how the wave function changes over time, making it
essential for dynamic quantum systems.



Time-Independent Schrödinger Equation
For systems with time-invariant potentials, the time-independent Schrödinger equation is used. It is
derived by separating variables in the TDSE and takes the form:

Ĥψ = Eψ

Here, E is the energy eigenvalue corresponding to the stationary state ψ. The TISE is an eigenvalue
problem where the goal is to find allowed energy levels and corresponding eigenfunctions, which are
the stationary states of the system.

Analytical Methods for Solving the Schrödinger
Equation
Analytical solutions to the Schrödinger equation are available for a limited set of potentials, usually
idealized or highly symmetric. These solutions provide exact expressions for wave functions and
energy levels and are critical for understanding fundamental quantum phenomena.

Separation of Variables
One common approach to solve the Schrödinger equation analytically is separation of variables,
especially for cases where the potential energy function is separable. This method assumes the wave
function can be written as a product of functions, each depending on a single coordinate or time.
Separating the variables transforms the partial differential equation into ordinary differential
equations, which are easier to solve.

Common Exactly Solvable Potentials
Several potentials have well-known exact solutions, including:

Infinite potential well (particle in a box): The simplest model where a particle is confined
within impenetrable walls.

Harmonic oscillator potential: Describes particles bound in a quadratic potential well.

Hydrogen atom potential: The Coulomb potential representing the electron-proton
interaction.

Finite potential wells and barriers: Models that include tunneling effects.

Each of these potentials allows the Schrödinger equation to be solved analytically, yielding
quantized energy levels and explicit wave functions.



Numerical Techniques for Solutions
When analytical solutions are not feasible, numerical methods provide approximate solutions to the
Schrödinger equation. These techniques are indispensable for complex systems, arbitrary potentials,
or multi-particle problems.

Finite Difference Method
The finite difference method discretizes the spatial domain into a grid and approximates derivatives
by finite differences. This converts the differential equation into a matrix eigenvalue problem which
can be solved using linear algebra techniques. The finite difference method is straightforward and
widely used for one-dimensional and some two-dimensional problems.

Variational Methods
Variational approaches use trial wave functions with adjustable parameters to minimize the
expectation value of the energy. This method provides approximate ground state energies and wave
functions and is particularly useful when exact solutions are unavailable.

Matrix Diagonalization and Basis Set Expansions
By expressing the wave function as a linear combination of basis functions, the Schrödinger equation
can be reformulated into a matrix problem. Diagonalization of the Hamiltonian matrix yields
approximate energy eigenvalues and eigenfunctions. Common basis sets include harmonic oscillator
functions, plane waves, and atomic orbitals.

Examples of Schrödinger Equation Solutions
Examining specific cases helps illustrate the practical application of methods used to find the
solution to Schrödinger equation. These examples highlight key quantum phenomena and provide
fundamental insights.

Particle in a One-Dimensional Box
Consider a particle confined in a one-dimensional box with infinitely high walls at positions x=0 and
x=L. The potential inside the box is zero and infinite outside. The time-independent Schrödinger
equation reduces to:

-ħ²/2m d²ψ/dx² = Eψ

with boundary conditions ψ(0) = ψ(L) = 0. The solutions are sinusoidal wave functions:

ψ_n(x) = sqrt(2/L) sin(nπx/L), where n is a positive integer.

The corresponding energy eigenvalues are quantized:

E_n = (n²π²ħ²)/(2mL²).



Hydrogen Atom
The hydrogen atom problem involves solving the Schrödinger equation for an electron in the
Coulomb potential created by the proton. The solution yields discrete energy levels and spherical
harmonics describing angular dependence. The energy spectrum is given by:

E_n = - (13.6 eV) / n², where n is the principal quantum number.

The corresponding wave functions, called atomic orbitals, define the probability distribution of the
electron’s position.

Importance of Boundary Conditions and Potentials
Boundary conditions and potential energy functions play a critical role in determining the nature of
the solution to Schrödinger equation. They define the physical constraints and interactions
influencing the quantum system.

Role of Boundary Conditions
Boundary conditions ensure that the wave function is physically acceptable. Typically, the wave
function must be continuous, single-valued, and normalizable. These requirements lead to
quantization of energy and selection of permissible wave functions. For example, infinite potential
walls impose zero wave function values at the boundaries, while finite potentials allow for tunneling
phenomena.

Influence of Potential Energy
The potential energy term in the Schrödinger equation shapes the spatial behavior of the wave
function. Different potentials yield distinct solution characteristics:

Constant potentials lead to free particle solutions.

Bound potentials produce discrete energy spectra.

Barrier potentials enable quantum tunneling.

Understanding the potential landscape is essential for predicting physical properties and behaviors
of quantum systems.

Frequently Asked Questions

What is the Schrödinger equation in quantum mechanics?
The Schrödinger equation is a fundamental partial differential equation that describes how the
quantum state of a physical system changes over time. It provides a way to calculate the wave



function of a system, which encodes the probabilities of a particle's position and momentum.

What are common methods to find solutions to the
Schrödinger equation?
Common methods include analytical solutions for simple potentials (like the infinite potential well,
harmonic oscillator, and hydrogen atom), separation of variables, perturbation theory, variational
methods, and numerical techniques such as finite difference methods and matrix diagonalization.

What is the significance of the wave function solution to the
Schrödinger equation?
The wave function solution contains all the information about a quantum system. Its squared
magnitude represents the probability density of finding a particle in a given state or position, making
it essential for predicting measurable physical properties.

How does the time-independent Schrödinger equation differ
from the time-dependent one?
The time-independent Schrödinger equation applies to systems with a time-invariant Hamiltonian
and is used to find stationary states with definite energies. The time-dependent equation describes
how quantum states evolve over time, encompassing more general, dynamic scenarios.

Can the Schrödinger equation be solved exactly for all
systems?
No, exact solutions to the Schrödinger equation exist only for a limited number of idealized systems
with simple potentials. For more complex or realistic systems, approximation methods and numerical
simulations are necessary to obtain solutions.

What role do boundary conditions play in solving the
Schrödinger equation?
Boundary conditions are crucial for determining physically acceptable solutions to the Schrödinger
equation. They ensure the wave function is normalizable and continuous, which leads to quantization
of energy levels and physically meaningful predictions.

Additional Resources
1. Quantum Mechanics: Concepts and Applications
This book by Nouredine Zettili offers a comprehensive introduction to quantum mechanics with a
strong emphasis on solving the Schrödinger equation. It covers both time-dependent and time-
independent forms, providing numerous worked examples and problems. The text is well-suited for
advanced undergraduates and graduate students seeking practical approaches to quantum
problems.



2. Introduction to Quantum Mechanics
Authored by David J. Griffiths and Darrell F. Schroeter, this widely used textbook introduces the
fundamental concepts of quantum mechanics. It includes detailed discussions on the Schrödinger
equation and methods for solving it in various potential scenarios. The book balances theory and
application, making it accessible for learners who want to master quantum mechanics problem-
solving.

3. Modern Quantum Mechanics
Written by J. J. Sakurai and Jim Napolitano, this text delves into the advanced principles of quantum
theory. It provides rigorous treatments of the Schrödinger equation and explores various analytical
techniques for finding solutions. This resource is ideal for graduate students and researchers aiming
to deepen their understanding of quantum mechanics foundations.

4. Quantum Mechanics: Theory and Experiment
By Mark Beck, this book connects the theoretical framework of quantum mechanics with
experimental methods. It offers detailed insights into solving the Schrödinger equation through both
analytical and numerical approaches. The integration of theory and experiment helps readers
appreciate the practical significance of quantum solutions.

5. Applied Quantum Mechanics
Authors A. F. J. Levi present this text focused on practical applications of quantum mechanics,
particularly solutions to the Schrödinger equation in real-world contexts. The book includes
computational techniques and approximation methods, making it useful for scientists and engineers
dealing with quantum systems. Its applied perspective bridges theory and technological
implementation.

6. Quantum Mechanics and Path Integrals
By Richard P. Feynman and Albert R. Hibbs, this classic work introduces the path integral
formulation of quantum mechanics as an alternative approach to the Schrödinger equation. It
provides a fresh conceptual framework and computational techniques for solving quantum problems.
The text is valuable for those interested in both foundational theory and innovative solution methods.

7. Numerical Methods in Quantum Mechanics
This book by Michel Caffarel and Dominique Baye focuses on computational strategies for solving
the Schrödinger equation when analytical methods fail. It covers finite difference, variational, and
matrix diagonalization techniques, among others. Ideal for researchers and students working on
complex quantum systems requiring numerical analysis.

8. Quantum Mechanics in Chemistry
Jack Simons and Jeff Nichols author this text that emphasizes the role of the Schrödinger equation in
chemical systems. It explores quantum solutions relevant to molecular structure, spectroscopy, and
reaction dynamics. The book is designed for chemists and physicists interested in applying quantum
mechanics to chemical phenomena.

9. Principles of Quantum Mechanics
R. Shankar’s comprehensive textbook provides a detailed introduction to the principles and
mathematical framework of quantum mechanics. It includes extensive coverage of the Schrödinger
equation and methods for solving it across various potentials. The clear explanations and numerous
examples make it a valuable resource for students at multiple levels.
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