
solved problems in lagrangian and hamiltonian
mechanics

solved problems in lagrangian and hamiltonian mechanics provide a crucial foundation for understanding
advanced classical mechanics. These problems illustrate the application of fundamental principles in physics,
enabling students and researchers to develop deeper insights into the dynamics of physical systems. By examining
worked examples, one gains practical experience in formulating equations of motion using Lagrangian and
Hamiltonian formalisms. This article explores various solved problems across multiple topics, including simple
mechanical systems, constrained motion, and coupled oscillators. Additionally, it covers the transition from
Lagrangian to Hamiltonian mechanics and addresses canonical transformations. The detailed solutions
emphasize systematic approaches and mathematical rigor. The following sections offer a structured overview
of key problems and their solutions to enhance comprehension and problem-solving skills in classical mechanics.
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Basic Solved Problems in Lagrangian Mechanics

Fundamental problems in Lagrangian mechanics serve as the building blocks for understanding more complex
systems. These problems typically involve simple mechanical setups where the Lagrangian formulation provides
a systematic way to derive the equations of motion. The Lagrangian, defined as the difference between kinetic
and potential energies, simplifies the analysis of conservative systems by utilizing generalized coordinates.

Particle in a Central Potential

Consider a particle of mass m moving under a central potential V(r). The problem involves expressing the kinetic
energy in spherical coordinates and deriving the Euler-Lagrange equations. Solving these equations yields
radial and angular equations of motion, highlighting conservation of angular momentum and energy.

Simple Pendulum

The simple pendulum is a classic example illustrating the Lagrangian approach. By choosing the angular
displacement as the generalized coordinate, the kinetic and potential energies are written in terms of this
variable. The Euler-Lagrange equation leads to the well-known equation of motion for the pendulum, including
small-angle approximations for harmonic motion.

Particle on an Inclined Plane

This problem involves a particle constrained to move along an inclined plane without friction. The constraint
reduces the degrees of freedom, and the Lagrangian is formulated accordingly. The resulting equation of motion
demonstrates how constraints can be incorporated naturally in the Lagrangian framework.



Advanced Applications of Lagrangian Mechanics

Beyond basic examples, Lagrangian mechanics effectively handles systems with constraints, non-conservative
forces, and generalized coordinates. Advanced problems often require the use of Lagrange multipliers and
D’Alembert’s principle to incorporate constraints and dissipative forces.

Double Pendulum System

The double pendulum consists of two masses connected by rigid rods, exhibiting complex nonlinear dynamics. The
Lagrangian is constructed by summing the kinetic and potential energies of both masses, expressed in terms of
angular coordinates. The coupled Euler-Lagrange equations reveal chaotic behavior under certain initial
conditions.

Bead on a Rotating Hoop

This problem involves a bead constrained to move on a hoop rotating about a vertical axis. The rotation
introduces non-inertial effects, captured by the generalized coordinates in the Lagrangian. The resulting
equations describe equilibrium positions and stability conditions influenced by the hoop’s angular velocity.

Motion with Non-Holonomic Constraints

Non-holonomic constraints, which depend on velocities, present additional challenges in formulating the
Lagrangian. Problems such as the rolling disk or knife edge are examples where standard Euler-Lagrange
equations must be modified. These problems demonstrate the necessity of advanced methods like Lagrange
multipliers or generalized forces.

Fundamental Solved Problems in Hamiltonian Mechanics

Hamiltonian mechanics offers an alternative formulation of classical mechanics, focusing on energy functions
and phase space. Solved problems in this domain illustrate how to transition from the Lagrangian to the
Hamiltonian formalism and apply canonical equations to analyze system dynamics.

Simple Harmonic Oscillator

The harmonic oscillator is a prime example where Hamiltonian mechanics elegantly describes motion. Starting
with the Lagrangian, the generalized momentum is defined, and the Hamiltonian is constructed as a function of
coordinates and momenta. Hamilton’s equations reproduce the familiar sinusoidal solutions describing
oscillations.

Particle in a One-Dimensional Potential Well

This problem involves a particle confined in a potential well, such as an infinite square well or harmonic
potential. The Hamiltonian formulation clarifies energy conservation and phase space trajectories. The
analysis includes plotting phase portraits to visualize system behavior.

Charged Particle in Electromagnetic Fields

Incorporating electromagnetic potentials into the Hamiltonian framework introduces vector and scalar



potentials. The problem involves calculating the canonical momentum and Hamiltonian, leading to equations
describing the Lorentz force. This example highlights the versatility of Hamiltonian mechanics in fields beyond
simple mechanical systems.

Canonical Transformations and Hamilton-Jacobi Theory

Canonical transformations are essential tools in Hamiltonian mechanics that simplify the equations of motion
by changing variables in phase space. The Hamilton-Jacobi theory further extends this approach by reducing
dynamics to solving partial differential equations. Solved problems in this section demonstrate these powerful
techniques.

Generating Functions and Canonical Transformations

Problems involving generating functions illustrate how to construct canonical transformations that
preserve the form of Hamilton’s equations. Examples include transformations to action-angle variables and
simplifying the Hamiltonian for integrable systems.

Hamilton-Jacobi Equation for the Harmonic Oscillator

Solving the Hamilton-Jacobi equation for a harmonic oscillator provides insight into the connection between
classical mechanics and wave mechanics. The solution produces the principal function, which generates
canonical transformations leading to conserved quantities and integrable motion.

Action-Angle Variables in Integrable Systems

Action-angle variables are special canonical coordinates useful for analyzing periodic systems. Problems
demonstrate how to derive these variables for systems like the harmonic oscillator and pendulum, enabling
straightforward integration of the equations of motion.

Coupled Systems and Oscillations in Lagrangian and Hamiltonian
Frameworks

Coupled systems, such as masses connected by springs or pendulums linked by rods, exhibit complex oscillatory
behavior. Both Lagrangian and Hamiltonian methods provide systematic approaches to analyze normal modes
and frequencies in these systems.

Two Coupled Harmonic Oscillators

This classic problem involves two masses connected by springs, forming a system with two degrees of freedom.
The Lagrangian is formulated using generalized coordinates representing displacements. Solving the coupled
equations leads to normal mode frequencies and mode shapes.

Linear Chains and Normal Modes

Extending coupled oscillators to linear chains with multiple masses illustrates how normal mode analysis
scales. The problem involves setting up Lagrangian or Hamiltonian matrices and solving eigenvalue problems to
find characteristic frequencies and eigenvectors.



Quantum Analogies in Coupled Oscillator Systems

Using Hamiltonian mechanics, coupled oscillators serve as classical analogs for quantum mechanical systems.
Problems show how quantization of normal modes leads to phonon concepts and energy quantization, bridging
classical and quantum descriptions.

Identify generalized coordinates for the system.1.

Write kinetic and potential energies in terms of these coordinates.2.

Construct the Lagrangian or Hamiltonian function.3.

Derive equations of motion using Euler-Lagrange or Hamilton’s equations.4.

Solve the resulting differential equations to obtain system behavior.5.

Frequently Asked Questions

What is a common solved problem involving the Lagrangian formulation of
a simple pendulum?

A typical solved problem is deriving the equation of motion for a simple pendulum using the Lagrangian
approach. By defining the kinetic and potential energies, constructing the Lagrangian L = T - V, and applying the
Euler-Lagrange equation, one obtains the nonlinear differential equation describing the pendulum's motion.

How is the Hamiltonian used to solve the two-body gravitational problem?

In the two-body gravitational problem, the Hamiltonian represents the total energy of the system in terms of
generalized coordinates and momenta. By expressing the kinetic and potential energies, the Hamiltonian equations
of motion can be solved to find trajectories and conserved quantities, ultimately leading to Kepler's laws.

Can you explain a solved problem involving a particle in a central potential
using the Lagrangian method?

Yes, a classic problem is a particle moving under a central potential V(r). Using spherical coordinates, the
Lagrangian is constructed, and the Euler-Lagrange equations yield the radial and angular equations of
motion. Conservation of angular momentum reduces the problem to an effective one-dimensional radial motion,
which can be solved for orbits.

What is an example of solving the harmonic oscillator using Hamiltonian
mechanics?

For the harmonic oscillator, the Hamiltonian is H = p^2/(2m) + (1/2) k x^2. By applying Hamilton's equations,
one obtains first-order differential equations for position and momentum, which can be solved analytically to
yield sinusoidal solutions representing oscillatory motion.

How does one solve the problem of a bead sliding on a rotating wire using



Lagrangian mechanics?

The bead-on-a-rotating-wire problem is solved by expressing the kinetic and potential energies in a rotating
frame, constructing the Lagrangian, and applying the Euler-Lagrange equation. This leads to an equation of
motion that includes centrifugal and Coriolis effects, allowing one to analyze equilibrium points and stability.

What are solved problems involving the double pendulum in Hamiltonian
mechanics?

The double pendulum's Hamiltonian is derived by expressing the kinetic and potential energy in terms of generalized
coordinates and momenta. Although exact analytical solutions are complicated, the Hamiltonian formalism
allows numerical integration of Hamilton's equations, revealing chaotic dynamics and energy exchange between
the pendulums.

How do solved problems demonstrate the use of canonical transformations
in Hamiltonian mechanics?

Canonical transformations simplify Hamiltonian problems by changing variables to new coordinates and
momenta that make the system easier to solve. A classic example is transforming to action-angle variables for
integrable systems like the harmonic oscillator, where the transformed Hamiltonian depends only on action
variables, simplifying integration.

What is a solved example of a charged particle in a magnetic field using the
Lagrangian approach?

A charged particle in a uniform magnetic field is modeled by including the vector potential in the Lagrangian.
Solving the Euler-Lagrange equations leads to circular or helical trajectories, known as cyclotron motion,
which can be explicitly derived and characterized.

How is the problem of a relativistic free particle solved using Hamiltonian
mechanics?

For a relativistic free particle, the Hamiltonian is constructed using the relativistic energy-momentum relation.
Solving Hamilton's equations yields particle trajectories consistent with special relativity, demonstrating
the extension of Hamiltonian mechanics to relativistic systems.

What solved problems illustrate the use of constraints and Lagrange
multipliers in Lagrangian mechanics?

Problems like a particle constrained to move on a surface (e.g., a bead on a wire or a particle on a sphere) use
Lagrange multipliers to incorporate holonomic constraints into the Lagrangian formalism. Solving the modified
Euler-Lagrange equations provides equations of motion that respect the constraints.

Additional Resources
1. “Classical Mechanics: Problems and Solutions” by J.C. Upadhyaya
This book offers a comprehensive collection of solved problems in classical mechanics, focusing on both
Lagrangian and Hamiltonian formulations. It is designed for undergraduate and graduate students seeking a
deeper understanding of theoretical mechanics through practical problem-solving. Each problem is presented
with a detailed solution, helping readers grasp the application of fundamental principles in various physical
contexts.

2. “Mechanics: Lagrangian and Hamiltonian Formulations – Problem Solving Approach” by K. Srinivasa Rao



Rao’s book emphasizes the step-by-step methods of solving problems using Lagrangian and Hamiltonian
mechanics. It bridges the gap between theory and application with numerous examples from classical physics. The
problems range in difficulty, making it suitable for self-study and classroom use.

3. “Problems in Classical Mechanics” by S. T. Thornton and J. B. Marion
This text is well-known for its extensive problem sets that cover a wide array of topics, including Lagrangian
and Hamiltonian mechanics. Detailed solutions accompany selected problems, offering insights into advanced
problem-solving techniques. The book is ideal for students preparing for competitive exams or deepening their
grasp of analytical mechanics.

4. “Advanced Classical Mechanics: Solutions to Selected Problems” by R. Douglas Gregory
Gregory’s work delves into advanced topics in classical mechanics with a focus on solving challenging
problems using Lagrangian and Hamiltonian methods. The solutions are thorough and pedagogical, aimed at
graduate students and researchers. The book also discusses the physical interpretation of results, enhancing
conceptual understanding.

5. “Classical Dynamics: A Contemporary Approach” by Jorge V. Jos� and Eugene J. Saletan
While primarily a textbook, this volume includes a substantial collection of solved problems in Lagrangian
and Hamiltonian dynamics. The problems are carefully chosen to illustrate key concepts and computational
techniques. It serves as both a learning resource and a reference for problem-solving in classical dynamics.

6. “Analytical Mechanics: Solutions to Problems” by F.G. Friedlander
Friedlander’s book provides a clear and systematic approach to solving classical mechanics problems, with an
emphasis on Lagrangian and Hamiltonian frameworks. The solutions highlight the mathematical rigor and
physical intuition required for mastering analytical mechanics. This resource is particularly valuable for
students seeking worked examples to complement their coursework.

7. “Lagrangian and Hamiltonian Dynamics: Solutions Manual” by Peter Mann
This solutions manual accompanies a primary textbook on Lagrangian and Hamiltonian dynamics, offering
detailed answers to all end-of-chapter problems. It is an excellent tool for students who want to verify their
solutions or understand the problem-solving process in depth. The manual covers a broad spectrum of topics,
from fundamental principles to complex applications.

8. “Classical Mechanics: Theory and Mathematical Modeling” by Douglas S. Drumheller
Drumheller’s text integrates theoretical discussions with numerous solved problems in Lagrangian and
Hamiltonian mechanics. The mathematical modeling approach aids in developing problem-solving skills applicable
to both physics and engineering contexts. The book is appreciated for its clarity and practical orientation.

9. “Solved Problems in Classical Mechanics” by Nivaldo A. Lemos
This book presents a rich collection of solved problems that emphasize the use of Lagrangian and Hamiltonian
methods. Lemos provides clear explanations and methodical solutions that help reinforce theoretical concepts.
It is ideal for students and educators looking for a problem-oriented approach to classical mechanics.
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