
the mathematical theory of plasticity

The mathematical theory of plasticity is a fundamental aspect of materials science and engineering that
deals with the behavior of materials undergoing permanent deformation when subjected to stress. Unlike
elastic deformation, which is reversible, plastic deformation is permanent and entails a complex interplay of
material properties, external forces, and environmental conditions. This theory is crucial for predicting how
materials will respond under various loading conditions, which is essential in fields such as civil
engineering, mechanical engineering, and geotechnical engineering.

Introduction to Plasticity

Plasticity theory provides a framework for understanding the conditions under which materials will yield
and deform permanently. It originated in the early 20th century, evolving from the study of metals and
their behavior under stress. The significance of plasticity extends beyond metals to other materials,
including polymers, soils, and concrete.

The Basics of Stress and Strain

To comprehend the mathematical theory of plasticity, it is essential to understand two fundamental
concepts: stress and strain.

- Stress is defined as the internal force per unit area within materials. It is expressed mathematically as:
\[
\sigma = \frac{F}{A}
\]
where \( \sigma \) is the stress, \( F \) is the force applied, and \( A \) is the cross-sectional area.

- Strain refers to the deformation of a material due to applied stress. It is a dimensionless quantity and is
calculated as:
\[
\epsilon = \frac{\Delta L}{L_0}
\]
where \( \epsilon \) is the strain, \( \Delta L \) is the change in length, and \( L_0 \) is the original length.

Yield Criteria

Yield criteria define the conditions under which a material begins to deform plastically. Several key yield



criteria are widely used in the mathematical theory of plasticity:

1. Von Mises Criterion: This criterion is based on the idea that yielding occurs when the shear stress
reaches a critical value. It is particularly applicable to ductile materials. The von Mises stress, \(
\sigma_{vm} \), is defined as:
\[
\sigma_{vm} = \sqrt{\frac{1}{2} \left( \sigma_1 - \sigma_2 \right)^2 + \frac{1}{2} \left( \sigma_2 - \sigma_3
\right)^2 + \frac{1}{2} \left( \sigma_3 - \sigma_1 \right)^2}
\]

2. Tresca Criterion: This criterion is based on the maximum shear stress theory. According to Tresca,
yielding occurs when the maximum shear stress in the material reaches a critical value.

3. Mohr-Coulomb Criterion: Commonly used in soil mechanics, this criterion incorporates both cohesion and
internal friction angle to describe the yielding behavior under shear stress.

Mathematical Formulation of Plasticity

The mathematical theory of plasticity incorporates several key equations and principles that describe the
behavior of materials under loading:

Constitutive Models

Constitutive models relate stress and strain in materials and are fundamental in plasticity. The most
common models include:

- Perfect Plasticity: Assumes that once the yield stress is reached, the material deforms plastically without
any increase in stress.

- Hardening Models: These models account for changes in material properties as deformation progresses.
Common hardening models include:
- Isotropic Hardening: Assumes the yield surface expands uniformly with plastic deformation.
- Kinematic Hardening: Assumes the yield surface translates in stress space as plastic deformation occurs.

Flow Rules

Flow rules describe how plastic deformation occurs in materials. The two primary types of flow rules are:



1. Associated Flow Rule: The plastic strain rate is normal to the yield surface in stress space. This rule is
commonly applied in perfect plasticity scenarios.

2. Non-Associated Flow Rule: The plastic strain rate is not normal to the yield surface, which is often the
case in materials like soils.

Equilibrium and Compatibility Conditions

In addition to yield criteria and constitutive models, plasticity theory also takes into account the equilibrium
and compatibility conditions:

- Equilibrium Conditions: These conditions ensure that the sum of forces and moments in a system equals
zero. Mathematically, this can be expressed as:
\[
\sum F = 0 \quad \text{and} \quad \sum M = 0
\]

- Compatibility Conditions: These conditions ensure that deformations are consistent throughout the
material. This is crucial for maintaining the integrity of structures subjected to loads.

Applications of Plasticity Theory

The mathematical theory of plasticity has numerous applications across various fields, including:

Structural Engineering

In structural engineering, plasticity theory is employed to analyze and design structures that can withstand
extreme loads. For instance, in the design of beams and frames, plastic hinges may form during overload
scenarios, allowing for redistribution of loads without leading to catastrophic failure.

Geotechnical Engineering

In geotechnical engineering, plasticity theory is applied to understand the behavior of soils under loading.
The Mohr-Coulomb failure criterion is often utilized to predict failure surfaces in soil mechanics, assisting in
the design of foundations, slopes, and retaining structures.



Manufacturing Processes

Plasticity theory plays a critical role in manufacturing processes like metal forming, where materials are
subjected to large deformations. Understanding the plastic behavior of metals is essential for processes such
as forging, extrusion, and rolling.

Numerical Methods in Plasticity

Given the complexity of plasticity problems, numerical methods are often employed to obtain solutions.
Common numerical techniques include:

- Finite Element Method (FEM): FEM is widely used for solving complex plasticity problems by
discretizing the material and applying numerical techniques to solve the governing equations.

- Finite Difference Method (FDM): This method approximates solutions by discretizing the equations and is
often used for time-dependent plasticity problems.

- Boundary Element Method (BEM): BEM is useful for solving problems with infinite domains, such as
those encountered in geotechnical engineering.

Conclusion

The mathematical theory of plasticity is a vital discipline that underpins our understanding of material
behavior under stress. By combining principles of mechanics, materials science, and applied mathematics,
plasticity theory enables engineers and scientists to predict how materials will perform in real-world
applications. The evolution of this theory continues to influence various fields, ensuring that structures and
materials can withstand the demands of modern engineering challenges. As technology advances, ongoing
research in plasticity will further enhance our capabilities in designing safer, more efficient structures and
materials.

Frequently Asked Questions

What is the mathematical theory of plasticity?
The mathematical theory of plasticity is a framework used to describe the behavior of materials that
undergo permanent deformation when subjected to stress beyond a certain yield point. It incorporates
mathematical models to predict how materials yield and flow under various loading conditions.



What are the key components of plasticity theory?
Key components of plasticity theory include yield criteria, flow rules, hardening laws, and the concept of
plastic potential. These components help in defining how materials transition from elastic to plastic behavior
and how they respond to different types of loading.

How is the yield surface defined in plasticity theory?
The yield surface in plasticity theory is defined in stress space and indicates the limit of elastic behavior.
When the stress state reaches this surface, the material yields and begins to deform plastically. Different
yield criteria, such as von Mises and Tresca, are used to describe this surface.

What role does strain hardening play in plasticity?
Strain hardening refers to the phenomenon where a material becomes stronger as it undergoes plastic
deformation. In the mathematical theory of plasticity, hardening rules are used to characterize this
behavior, allowing for the prediction of how the yield surface evolves as the material is deformed.

How does plasticity theory apply in engineering design?
Plasticity theory is crucial in engineering design as it helps predict how structures will behave under loads
that may exceed their elastic limits. This understanding helps engineers design safer and more efficient
structures by accounting for potential plastic deformations.

What are some common numerical methods used to solve plasticity
problems?
Common numerical methods used to solve plasticity problems include finite element analysis (FEA) and
finite difference methods. These techniques enable engineers and researchers to simulate complex loading
scenarios and material behaviors, providing insights into the performance and safety of materials and
structures.
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