which functions are invertible select
each correct answer

which functions are invertible select each correct answer is a fundamental
question in mathematics, particularly in the study of functions and their
properties. Understanding which functions are invertible is crucial for
solving equations, analyzing mathematical models, and applying
transformations in various fields such as algebra, calculus, and computer
science. This article explores the key concepts behind invertible functions,
including the definitions, necessary and sufficient conditions, and examples
of common function types. It also provides guidance on how to determine
invertibility and the role of one-to-one (injective) and onto (surjective)
functions in this context. Readers will gain a comprehensive understanding of
how to select the correct answers when identifying invertible functions. The
discussion will proceed through an overview of invertibility, criteria for
invertibility, examples of invertible and non-invertible functions, and
practical methods to test function invertibility.
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Understanding Invertible Functions

Functions play a vital role in mathematics, representing relationships
between elements of different sets. When considering which functions are
invertible select each correct answer, it is essential to understand what
invertibility means. A function is invertible if there exists another
function that reverses its effect, known as the inverse function. More
formally, a function f from set A to set B is invertible if there is a
function f-1 from B back to A such that applying f followed by f-? returns
the original input, and vice versa. This concept is fundamental because
invertible functions allow us to uniquely recover inputs from outputs, a
property critical in solving equations and modeling reversible processes.



Definition of Invertibility

Invertibility of a function is characterized by the existence of a unique
inverse function. This inverse must satisfy the conditions: f-1(f(x)) = x for
every x in the domain of f, and f(f-1(y)) = y for every y in the codomain of
f. Without these conditions, the function is not invertible. The inverse
function essentially "undoes" the operation of the original function, making
invertibility a two-way mapping between domain and codomain.

Importance of Invertible Functions

Invertible functions are essential in multiple areas of mathematics and
applied sciences. They allow for the solution of equations by reversing the
effect of a function. In linear algebra, invertible matrices correspond to
invertible linear transformations. In calculus, invertible functions enable
the definition of inverse trigonometric and logarithmic functions.
Understanding which functions are invertible select each correct answer helps
students and professionals identify when such reversibility is possible and
apply this knowledge accordingly.

Criteria for Function Invertibility

Determining which functions are invertible select each correct answer depends
mainly on the properties of the function, especially injectivity and
surjectivity. These two criteria define whether a function has an inverse on
its domain and codomain.

Injectivity (One-to-One)

A function is injective if it maps distinct elements in the domain to
distinct elements in the codomain. Formally, f(x:) = f(xz2) implies xi1 = x:.
Injectivity ensures that the function does not "collapse" multiple inputs
into the same output, which is necessary for invertibility. Without
injectivity, the inverse would not be a function because one output would
correspond to multiple inputs.

Surjectivity (Onto)

Surjectivity requires every element in the codomain to be the image of at
least one element in the domain. This ensures the inverse function's domain
covers the entire codomain of the original function. If a function is not
surjective, its inverse cannot be defined on the entire codomain, limiting
invertibility to partial or restricted inverses.



Bijectivity: The Combination of Injectivity and
Surjectivity

A function is invertible if and only if it is bijective — both injective and
surjective. Bijectivity guarantees a perfect one-to-one correspondence
between domain and codomain, enabling a well-defined inverse function over
the entire range. Thus, when asked which functions are invertible select each
correct answer, the correct responses are those that are bijections.

Examples of Invertible Functions

Identifying examples of invertible functions helps concretize the theory.
Many common functions in mathematics exhibit invertibility under appropriate
conditions.

Linear Functions with Nonzero Slope

Linear functions of the form f(x) = mx + b where m # @ are invertible. They
are both injective and surjective over the set of real numbers. The inverse
function is given by f-1(y) = (y - b)/m. This simple example illustrates the
condition that the function must be strictly monotonic (increasing or
decreasing) to be invertible.

Exponential and Logarithmic Functions

Exponential functions such as f(x) = a”x (where a > 0, a # 1) are invertible
with the logarithmic function as their inverse. These functions are strictly
increasing or decreasing and cover all positive real numbers as their range,
making them bijections onto their codomain.

Trigonometric Functions Restricted to Appropriate
Domains

While standard trigonometric functions like sine and cosine are not
invertible over their entire domains due to periodicity, restricting their
domain to intervals where they are monotonic makes them invertible. For
example, sine restricted to [-n/2, n/2] is invertible, with arcsine as its
inverse. This highlights that domain restriction is sometimes necessary to
achieve invertibility.

Polynomial Functions of Degree One

Polynomials of degree one (linear polynomials) are invertible on the real



numbers because they are strictly monotonic and cover the entire real line.
Higher-degree polynomials, however, often fail to be invertible unless
restricted to intervals where they are monotonic.

Examples of Non-Invertible Functions

Understanding which functions are not invertible is equally important when
selecting correct answers about invertibility. Several common functions fail
the invertibility tests due to lack of injectivity or surjectivity.

Constant Functions

Functions that map every input to the same output value, such as f(x) = c,
are not invertible. They are not injective because multiple inputs correspond
to the same output, making it impossible to define a unique inverse function.

Quadratic Functions Over the Entire Real Line

Quadratic functions like f(x) = x? are not invertible without domain
restriction because they are not injective. For example, f(2) = 4 and f(-2) =
4 show that two distinct inputs produce the same output. Restricting the
domain to non-negative numbers makes the function invertible.

Periodic Functions Without Domain Restriction

Functions such as sine, cosine, and tangent are not invertible over their
full domains due to repeating values. Their outputs repeat infinitely often,
violating the one-to-one requirement. Only by restricting their domains to
intervals where they are monotonic can they become invertible.

Piecewise Functions with Overlapping Outputs

Piecewise functions that map different domain intervals to the same output
values are not invertible unless carefully restricted. Overlapping outputs
break injectivity and prevent the existence of a unique inverse function.

Methods to Determine Invertibility

When evaluating which functions are invertible select each correct answer,
several practical methods and tests can be employed to verify invertibility.
These techniques help in analyzing functions both algebraically and
graphically.



Horizontal Line Test

The horizontal line test is a graphical method to determine if a function is
injective. If any horizontal line intersects the graph of the function more
than once, the function is not injective and therefore not invertible over
that domain. Passing the horizontal line test is a quick visual indicator of
invertibility.

Algebraic Testing for Injectivity

To test injectivity algebraically, one can assume f(x:1) = f(xz2) and solve for
whether x:1 = x2 is the only solution. If this holds true for all inputs, the
function is injective. This method is especially useful for polynomial,
rational, and other algebraic functions.

Testing Surjectivity

Surjectivity is tested by checking if for every element in the codomain,
there exists an element in the domain that maps to it. This often involves
solving f(x) = y for arbitrary y in the codomain and verifying solutions
exist. Surjectivity ensures the inverse function covers the entire domain of
the original function.

Domain and Codomain Restrictions

Sometimes functions are not invertible over their entire domain and codomain
but become invertible when these sets are restricted. Testing invertibility
involves considering these restrictions to ensure bijectivity. This approach
is common with trigonometric and polynomial functions.

1. Apply the horizontal line test to check injectivity visually.
2. Use algebraic methods to confirm one-to-one correspondence.
3. Analyze the range and codomain to verify onto mapping.

4. Consider restricting the domain or codomain to achieve bijectivity.

Frequently Asked Questions



Which functions are invertible? Select each correct
answer.

A function is invertible if it is bijective, meaning it is both one-to-one
(injective) and onto (surjective).

Is the function f(x) = x*2 invertible over all real
numbers?

No, f(x) = x*2 is not invertible over all real numbers because it is not one-
to-one; different inputs can produce the same output.

Can a linear function f(x) = mx + b be invertible?

Yes, a linear function f(x) = mx + b is invertible if and only if m # 0O,
since it is then bijective.

Are constant functions invertible?

No, constant functions are not invertible because they are not one-to-one;
every input maps to the same output.

Is the function f(x) = e”x invertible?

Yes, f(x) = e”x is invertible because it is strictly increasing and onto (O,
o), making it bijective.

How can you determine if a function is invertible
from its graph?

A function is invertible if it passes the horizontal line test, meaning no
horizontal line intersects the graph more than once.

Are trigonometric functions like sine invertible
over their entire domain?

No, sine is not invertible over its entire domain because it is periodic and
not one-to-one, but it is invertible when restricted to [-n/2, m/2].

Additional Resources

1. Understanding Invertible Functions: A Comprehensive Guide

This book delves into the fundamental concepts of invertible functions,
exploring the criteria that make a function invertible. It covers topics such
as one-to-one (injective) and onto (surjective) functions, and how these
properties relate to invertibility. The text includes numerous examples and



exercises to help readers grasp the practical aspects of function inversion.

2. Invertible Functions and Their Applications in Mathematics

Focusing on both theory and application, this book examines invertible
functions across various fields of mathematics including algebra, calculus,
and linear algebra. It discusses methods to determine if a function is
invertible and how to find inverse functions. The book also highlights real-
world applications where invertible functions play a key role.

3. Functions and Their Inverses: A Study in Mathematical Relations

This book offers an in-depth study of functions and their inverses,
emphasizing the relationship between a function’s properties and its
invertibility. It explains how to verify if a function has an inverse and how
to construct it. The text is suitable for students and educators looking for
a clear understanding of inverse function theory.

4. One-to-0One and Onto: Keys to Invertible Functions

Dedicated to the concepts of injectivity and surjectivity, this book
clarifies why these properties are essential for a function to be invertible.
It provides detailed proofs and examples to aid comprehension. Readers will
learn to identify which functions can be inverted and the significance of
these functions in higher mathematics.

5. Linear Algebra and Invertible Transformations

This book connects the idea of invertible functions with linear
transformations, a central topic in linear algebra. It explains how
invertibility is characterized by the existence of inverse matrices and the
role of determinants. The text is designed for students who want to
understand the invertibility of linear maps and their mathematical
implications.

6. Calculus and Inverse Functions: Techniques and Insights

Focusing on the role of inverse functions in calculus, this book explains how
to determine if a function is invertible using derivatives and the Inverse
Function Theorem. It covers practical techniques for finding inverse
functions and discusses their applications in solving calculus problems. The
book is ideal for students seeking to deepen their calculus skills.

7. Advanced Topics in Function Invertibility

This advanced-level book explores complex scenarios involving invertible
functions, including multivariable functions and functional inverses in
abstract settings. It discusses theoretical frameworks and provides rigorous
proofs. The book is suited for graduate students or researchers interested in
the deeper aspects of invertibility.

8. Discrete Mathematics: Invertible Functions and Bijections

Covering the role of invertible functions within discrete mathematics, this
book emphasizes bijections and their significance in combinatorics and set
theory. It presents clear definitions, examples, and problem sets to help
readers understand invertibility in discrete contexts. The text is
appropriate for undergraduate students studying discrete math.



9. Graphing and Visualizing Invertible Functions

This book focuses on the graphical interpretation of invertible functions,
teaching readers how to visualize functions and their inverses. It
illustrates how the horizontal line test determines invertibility and
includes numerous plots and diagrams. This resource is helpful for learners
who benefit from visual aids in understanding mathematical concepts.
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